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ABSTRACT

This paper deals with the design of a new observer based control strategy for an Anaerobic Digestion
(AD) process to track a desired reference trajectory. The target is to control the biogas production, and
to subsequently integrate the biogas plants in a virtual power plant. The used model is a two-steps
(acidogenesis-methanogenesis) mass balance nonlinear, which is a widely used AD process model. Since
the AD processes experience a lack of physical sensors, an exponential nonlinear observer is designed to
estimate and update the internal state of the process. Based on the estimated states, a state feedback
controller is used to track any given and admissible desired trajectory with respect to an #.-optimality
criterion. The observer-based controller parameters are designed by solving two (implicitly)-independent
LMI conditions obtained by rigorous mathematical arguments based on a judicious use of Young relation
and a reformulation of the Lipschitz property. A simulation study is provided to illustrate the validity and
effectiveness of the proposed theoretical results.

© 2018 European Control Association. Published by Elsevier Ltd. All rights reserved.

1. Introduction and preliminaries
1.1. Introduction

Anaerobic Digestion (AD) is a biological process through which
the organic waste is converted into a mixture of gaseous that is
called biogas. The latter can be valorized as electricity, heat, bio-
fuel, or it can be injected into the natural gas grid. Considering
electricity and natural gas grids, the potential of biogas is sub-
stantial, and allows for the integration of higher shares of variable
renewable energy sources in the electricity grid. Hybrid systems
are currently being internationally developed. They combine bio-
gas plants with weather dependent technologies for balancing the
grids [18]. However, due to the complexity of the AD process and
fluctuations of input influents [12], continuous monitoring and de-
sign of sophisticated control strategies are required for the safety
of the process, and improving efficiency.

With the aim to enhance the AD process performances, differ-
ent control strategies have been proposed in the literature. Often,
the adopted control strategy depends on the model complexity,
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the available measurements and the design criteria (pollutant min-
imization, product maximisation or digester stabilisation). With
respect to the proposed control for reduced analytical AD models
(two-steps “acidogenesis-methanogenesis” models), we may cite
the control of bicarbonates alkalinity concentration in the digester
through the addition of stimulating substrates to the process
[11,14,16]. In [11], the linearizing control was employed to enhance
the biogas quality, while in [14,16], the input to output linearizing
control was used to stabilize the digester. In the first and second
control strategies, the magnitude of the added input was assumed
very small so the general structure of the model does not change.
In other words, the added input affects only the state for which
it has been added (for example, added alkalinity affects only
dynamics of the alkalinity concentration). Such an assumption
makes the control simpler to design, especially the input to output
linearizing control, which requires a nonlinear transformation of
the system. Indeed, the mentioned assumption relaxes complexity
of the required transformation. However, neglecting the effect of
an additional input in the model dynamics is not very convenient.
In parallel, we may also cite the Model Predictive Control (MPC)
that has been proposed in [15] to control the biogas production
for a demand-driven electricity production. The idea is to optimize
the plant feeding according to a fluctuating timetable of energy
demand. The control was applied to a full-scale research plant, and
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has shown satisfactory results. However, the analytical stability
proof of the closed loop system is yet difficult to prove.

Combining the ideas from [11,14,16] and [15], where the alka-
linity addition is employed to stabilize the reactor and enhance
the biogas quality, and the plant feeding is used to optimize the
production, we will propose a control strategy to track an admis-
sible reference trajectory. This trajectory mimics a desired biogas
production that corresponds to the operator objectives. Moreover,
the control strategy takes into account all the process dynamics
including those that are not accessible for measurement. Indeed, it
is well known that the key parameters of the AD process, such as
bacteria, are difficult and costly to measure; and this is the reason
why state observers have been designed repeatedly in the litera-
ture. The asymptotic observer [2] is quite simple to design, and
does not require knowledge of some specific nonlinear functions
(kinetic functions). Nevertheless, it is very sensitive to the model
uncertainties, and its convergence rate depends on the operational
conditions. Thus, it has been extended to interval observers [4],
which have the advantage of using reliable measurements that are
nonlinear functions of the state vector. The interval observers es-
timate the intervals where the system state is laying when the
model is subject to large uncertainties. However, generally the rate
of convergence is partially tunable, and it is not easy to exploit the
intervals for control [6]. Furthermore, the Kalman filter [10,17] has
been proposed to enhance the convergence rate of estimation er-
ror towards zero. Although the Kalman filter has shown suitable
results in different chemical applications, unfortunately, the con-
vergence of estimation errors to zero is not guaranteed. Within
this context, we may cite the high gain observer [8,9], which has
a fast convergence rate to the model state variables; but its syn-
thesis is complex, and it is very sensitive to noise [13]. In this pa-
per, we will use the LMI-based nonlinear state observer proposed
in [7] due to its robustness, systematic implementation and fast
convergence. Then, the estimated states are used in a feedback
control, which accounts for all the process dynamics. The synthe-
sis of the observer-based controller parameters is done by solving
two different LMI conditions. From feasibility point of view, this
kind of separation principle for nonlinear Lipschitz systems (pro-
posed in this paper) provides enhanced LMIs, when compared to
the existing LMI techniques in the literature. These LMIs ensure
the exponential convergence of the estimation error towards zero,
and guarantee that the tracking error satisfies a given #,, criterion.
The proof of convergence is done by using rigorous mathematical
arguments that are easy to follow. To get enhanced LMI conditions,
we used the famous Young'’s relation in a convenient way, and the
standard Lipschitz condition is exploited in a different form to take
into account all the components of the nonlinearity of the system.

The remainder of the paper is organized as follows. In Section 2,
we pose the problem of observer-based reference tracking control.
Then, in Section 3, we provide new LMI conditions which ensure
the exponential convergence to zero of the estimation error and
the #H., asymptotic stability of the tracking error. Furthermore, in
Section 4, we give a detailed description on how to apply the de-
signed control to the AD process model. We also run a numerical
simulation to emphasize the effectiveness of the proposed control
scheme. Finally, we conclude the paper in Section 5.

1.2. Notation and preliminaries

This section is devoted to the notation used throughout this pa-
per and some useful lemmas.

1.2.1. Notation
The following notation will be used throughout this paper:

* (%) is used for the blocks induced by symmetry;

« AT represents the transposed matrix of A;

I represents the identity matrix of dimension r;

for a square matrix S,S > 0(S < 0) means that this matrix is pos-
itive definite (negative definite);

the set Co(x,y) = {Ax+ (1 —1)y,0 <A <1} is the convex hull
of {x, y};

i th
—~ =
es(i)=(0.....0, 1 .,0,...0)T eRS,s>1 is a vector of the

N components
canonical basis of RS.

1.2.2. Useful lemmas
We present hereafter two lemmas, which will be used to get
tractable and less conservative LMI conditions.

Lemma 1.1 ([19]). Let ¢: R" — RY be a differentiable function. Then,
the following items are equivalent:

* @ is a globally y ,-Lipschitz function;
« For all x,y € R", there exist z; e Co(x, y), z; #X, z; #Y, scalar con-

stants ay, by, and functions v ;: R" — R such that:
q.n
900 = 90) = > Vi@ Hy(x-) (1)
ij=1
and
ajj < %’(Zi) < by (2)
where

A 0¢; . .
i (zi) 2 a—fj(zo, Hij = eg(Del (j).

Notice that we have introduced this lemma in order to simplify
the presentation of the design methodology. Indeed, throughout
this paper, we will exploit (1) and (2) instead of a direct use of
the Lipschitz property.

Lemma 1.2 ([19]). Let X and Y be two matrices of appropriate di-
mensions. Then, for any given symmetric positive definite matrix S of
appropriate dimension, the following inequality holds:

2

This lemma will be very useful to enhance the feasibility of the
LMI conditions.

XTY +Y'X < 1[X+SY]T5—1[X —|—SY]. (3)

2. Formulation of the observer-based tracking problem

One class of control design problems consists of planning and
following a reference trajectory while the system variables are not
fully measurable. Among these systems we find the AD process,
where the bacteria that are key parameters of the process are not
accessible for measurement. To overcome this problem, a state ob-
server can be included in the control design, allowing reconstruc-
tion of the state vector. However, the choice of the state observer
is crucial since its dynamics affect the stability of the closed loop
system.

Concerning the two-step models of the AD process, we propose
to use the nonlinear observer designed in [7], due to its exponen-
tial convergence and systematic implementation. Moreover, to keep
the results general and convenient for other nonlinear systems be-
longing to the same class of systems as the AD process, we repre-
sent the AD model by the following system

{x =A(p")x + Gy (x) + Bu

y=Cx (4)
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where the state vector x € R", the input u € RY and the linear
output measurements y € RP. The parameter p" e RS is an L
bounded and known parameter and the affine matrix A(p") is ex-
pressed under the form

N

A(p") = Ao+ > _ pjA; (5)
j=1

with

Pmin < P* < Pmax (6)

which means that the parameter p“ belongs to a bounded convex
set for which the set of 2% vertices can be defined by:

Vou = {Q eRS: 0j € {pj,min’ pj,max}}~ ™)

The matrices A; e R™", G e R™™ and C € RP*" are constant. The
nonlinear function y : R" — R™ is assumed to be globally Lips-
chitz and can always be written under the detailed form:

LA
y ) =3 y(HX) (8)

i=1
where H; € R,

Remark 1. The parameter p" depends only on the control input
vector u. Nevertheless, it can depend also on the output y and any
other exogenous variable. However, without loss of generality, we
used only u, which is motivated by the anaerobic digestion model
considered in this paper.

In order to reconstruct the state vector of the system (4), we
use the following state observer:

m
R= AR+ G Yy + Bu+ Lo (y - %) (9)
i=1
with
B = Hf + Ki(p") (v — CR). (10)
and
N N
L(p") = Lo+ Y_ piLj, Ki(p") =Ko+ Y piKij. (11)
j=1 Jj=1

where X is the estimate of the system state x. The matrices L; €
R™P and K;; € R%*P are the observer gains, to be computed so
that the estimation error

e=x—-2X (12)

turns to be exponentially stable.

Since y(.) is globally Lipschitz, then according to

Lemma 1.1 there exist z; eCo(l?i,ﬁ,-), functions ¢;; : R — R,

and constants aj, by, so that
m,n; .

GOy =y @) = 3 ¢ij(zm (9 - 9) (13)
i j=1

and

a;; < ¢ij(z) < byj, (14)

where

2y = Yoy ol (e (i
¢ij(z) = w(zl), Hij = Gep (i)en, () (15)
i
For shortness, we set ¢;;2¢;(z;). Without loss of generality, we
assume that a;; =0 for all i=1,...,m and j=1,...,n;. For more

details about this, we refer the reader to [1].
Since ¥; — v = (H; — Ki(p*)C)e, then dynamics of the estima-
tion error are given by

é= (AL(P“) + Z ¢ij7'lij<Hi - ’Ci(P”)C>>€ (16)
i

with

Ar(p") =A(p") - L(p")C (17)

As already explained, dynamics of the estimation error affect
the stability of the closed loop system. Thus, before discussing the
stability analysis of the chosen observer and the computation of its
parameters, we first present the observer based trajectory tracking
control. Then, we discuss the stability conditions of the closed loop
system composed of the system, the observer and the controller.

A feasible trajectory for the system (4) is a pair (x4, Uy) that sat-
isfies the differential equation and generates the desired trajectory:

Xq = A(p")xq + Gy (Xq) + Bugy (18)
Ya :CXd

where x; and uy represent the desired state and the desired in-
put, respectively. Assuming that it is possible to find a feasible tra-
jectory for the system, then it is possible to search for controllers
u = f(x,xg4, uy) that track the desired trajectory. Besides, due to the
absence of key measurements, we use the state estimate instead.
That is the tracking control reads

u=—K(p")(&—x4) + g (19)

where

K(p") =Ko+ Y pjiK; (20)
j=1

Let us define the tracking error by
XR=x—xg (21)

Its dynamic can be easily obtained as

X= (A(,O“) — BK(p") + Z (pij(t)Hini>)z+ BK(p"*)e

i,j=1
+ (A(p") —A(p"))xq (22)
w(t)
where ¢;; £ ;;3 (v;), with v; € Co(x, x4) and

¥ = %ij = @ij (23)

The aim consists of finding the controller and observer gain matri-
ces, so that the tracking error X satisfies the following #, criterion

. Xo
Il < \/Muwnzg + nH( o )

where 1 > 0 is the gain from w to X, and n > 0. In the next section,
we provide the stability conditions that satisfy this objective.

2
(24)

3. New LMI procedure to design the observer-based controller

In this section we present a kind of separation principle for
nonlinear systems. Since the dynamics (16) do not depend on the
reference tracking error X and the functions ¢;; are bounded, then
we can study the convergence of the estimation error e sepa-
rately, and use it in dynamics of the tracking error as a bounded
disturbance exponentially converging towards zero. The following
theorem provides the synthesis conditions expressed in term of
LMIs.
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3.1. Design of the observer gains

We first state a theorem which provides the LMI conditions en-
suring the exponential convergence of the estimation error towards
zero.

Theorem 3.1. For a given positive scalar f, if there exist symmet-
ric positive definite matrices Q, S;, i=1,...,n, and matrices X;, Xjj,
i=1,..., nand j=1,...,s, of appropriate dimensions, such that the

following LMI conditions (25) are fulfilled for system (4):

1
—
sexe)+pe M o Mal|_g vpev,
(*) —AS
(25)
then the observer (9)-(11) with gains
Lj=Q'X], Ky=387"'x] (26)

guarantees the exponential convergence of the estimation error e(t),
following the inequality:

Amax(Q)

Wlleolle‘gt, (27)

le@®l <
where

A(Q, X, g) =AlQ + QA — CTXo — XIC+

S
Zgj(A]T@ +QA; - CTX; — X]T-C) (28)
=1
II; = [M}(Q, si)... M (@,si)] (29)
. S
MIJ (Q, 8,') = Q'H,’j + H,-TS,' el (X,() + Z Qinj> (30)
j=1
A= blocl<—diag(A1, - Am> (31)
A= block—diag(.z]lni, o _2]Ini) (32)
Pin in;
S= block—diag(&, L Sm) (33)
S = block—diag(S,-, L s,-). (34)

Proof. Consider the quadratic Lyapunov function
V(e)=e'Qe, Q=0Q" >0. (35)

Then, its derivative V(e) along the trajectories (16) is given by

Vie) =e’ |:<AL(,0) + 2 ¢ininl<,»>TQ

=
+ Q(AL(P) +y ¢ij7'linlq>:|e (36)
ij=1
with

AL =A(p) —L(p)C.  Hg =H;—K(p)C (37)

The derivative of Lyapunov function (36) is negative if

m,n;
A[(P)Q+QAL(P) + Y ¢ij| QM Hy, +Y[Xj5 | <0 (38)
ij=1 N ——

T .
XU ;i

From Lemma 1.2, we know that for any symmetric positive definite

matrices S;;, we have

1
X;’}Y,‘ + Y?X,'j < 3 I:X,'j + Sij,‘iITS;j1 I:ij + Sini] (39)
—_—

M (Q.s,-])

Since the matrix Y; does not depend on the index j and depends

on the same K;(py), then to get an LMI, we need to put
Siy=8. V(@) (40)

Consequently, from (23) and the fact that without loss of generality
a;j = 0, inequality (38) is satisfied if

AT (p)P+PAL(p)

m,n;

¢ 3 (M) (- gs)ui(es)) o @

ij=1
Therefore, from Schur lemma and with the change of variables
X = L]T.Q and Xx;; = }CiTjSi, inequality (41) is equivalent to

|:A{(,0)P+PAL(,0) (M .. nm]]
<0. (42)
—AS

(*)

Since (42) is affine in pY, then from the convexity principle [5] and
the notations (28)-(34) we deduce that the LMIs (25) guarantees
the inequality

V(e)+BV(e) <0, (43)
which leads to

V(e) <V(epe .. (44)
From the fact that V(e) satisfies the inequality

Amin (@ le(O)1” < V(e()) < Amax(Q)leo|*e (45)

then we get the exponential convergence of the estimation error
as follows:

)\max (Q)
)‘min (Q)

where g is the convergence rate of the error e(t). This ends the
proof of Theorem 3.1. O

le(o)]| < lleolle=5¢, (46)

3.2. Design of the controller parameters

Hereafter, we present a second theorem, which provides new
LMI conditions constituting the second step of the proposed
observer-based controller synthesis methodology.

Theorem 3.2. If there exist symmetric positive definite matrices P,
Z, 1, j=1,...,n, and matrices Y; of appropriate dimensions, such
that the convex optimization problem (47) is solvable:

min() subject to (48) (47)
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z

©) [ = Zm |

<0, YoeV, (48)

(%) —AZ
then the controller (19) and (20) with gains
Ki=Y[P' j=1,..,5 (49)

guarantees the following H., performance criterion on the tracking
error X:

2

~ w ~
”x”Lg = M”( K(pt)e ) +)\max(P)”X0”2r (50)
c
where
P
6 |©n [0} Oy = A(P, Y, Q) [1. B
() —In (*) —lnig
A(IP’, Y, Q) = PA] +AoP — YoB" — BY|
N
+3 0 (IP’AJT. + AP — Y ;BT — BY]T) (51)
j=1

= [/\/,J (]P’, zﬂ) LN (IP, Zmi)] (52)

) IP’HiT Hij
M]<P’Zij>=|: 8 :|+|:8:|Zi' (53)

A= block—diag(Al, . Am> (54)
2 2

A; = block-diag| —1I,,,..., —1p, 55

g<§0i1 & PDin; n') (55)

Z = block—diag<Z1, L Zm) (56)

Z; = block—diag(Zi], L zm,_). (57)

Proof. Consider the Lyapunov function
V(E) =8P 1% (58)

By calculating the derivative of V(X) along the trajectories of (22),
we get

e e (%\[PD 4 DB 5 (%
Va+d%— ualod—= 7_( P'D+D'P +1, P X\t
I (w *) g |\ @

(59)

with

D= A(p%) — BK(p") + 3 @i (6)HiH, (60)
ij=1

B=[I, B] and &= (K(;‘;d)e) (61)

Inequality (59) holds if the following matrix is positive definite

M1 Tm—1 1R
P'D+DP 141, P B]<O’ 62)

L (*) —Wlniq
which is equivalent to

[DP + PDT + P2 B

L () e
by pre- and post-multiplying (62) by

P o

0 Il

Using the Schur lemma, it follows that inequality (63) is equivalent
to

} -0 (63)

[DP 4 PDT B P
(*) —Wlniq 0 [<0, (64)
(*) 0 —I
which can be rewritten under the form:
[(A(p") — BK(p"))P + P(A(p") — BK(p"))T B P
(*) —Ulpg O
L (*) 0 —I,
X7
——
BHT
ij
m.n; —\—
+ > (0 o |[[#;, o o0 ]+vlx|<o0. (65)
ij=1
0

From Lemma 1.2, for any symmetric positive definite matrices Z;;,
the inequality (65) holds if the following one is fulfilled:

(A(p"t) — BK(p"4))P + P(A(p") — BK(p"))" B P
|: * —lniq 0 :|
(*) 0 —I,
- (pij (t) T ~—1
+ Z 5 [X,‘ + ZUYU:I Zij [X,‘ + ZUYU:I <0. (66)
i,j=1 ~——

()

Therefore, using the notation of Theorem 3.2, applying the Schur
lemma, and from the convexity principle, the inequality (66) is
equivalent to (48). This means that

VE) +8% - uo'o <0, (67)
which leads to (50) by integrating (67) from 0 to +oco. Indeed, by
integrating (67), we get

+o0 +oo
V(+00) — V(0) +/ & (OR(t)dt — M/ T (H(t)dt <0
0 0
Since V(+00) > 0 and V(0) < Amax(P) % 1*. then we have

+00 +o00

f & (OR()dt < /,L/ & (OBt + Amax (P) %ol
0 0

which is equivalent to (50).This ends the proof. O

3.3. Fulfilment of the H, criterion (24)

Now we complete the convergence analysis part of the pro-
posed H., observer-based tracking design methodology. The last
and final step of the convergence proof can be summarized in the
next proposition.

Proposition 3.1. If there exist symmetric positive definite matrices
P, Q, 2, S, i,j=1,...,n, matrices Y;, X;, Xjj,i=1,...,nj=
1,..., s of appropriate dimensions, and a positive scalar 8, such that

the following two items hold:
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in

qc ’ qm

Sl in ’S2m ’C Z;

m>~in

Feeding Tank

CD

Added Alkalinity

g

Tank

X1,X5 ,X3,X4,X5,Xg

out

Anaerobic Digester

Fig. 1. Controlled anaerobic digestion process.

(i) The LMI conditions (25) are fulfilled;
(ii) the convex optimization problem (47) is solvable,

then, the observer-based controller (19) and (20) with gains given
by (26) and (49), guaratees the H., criterion (24) on X with u re-
turned by (47) and n given by

» 2 max <)\max(P)7 %lmax(@)lm;\x(?((éﬁ))ud )I((,Oud))>. (68)

Proof. Since LMIs (25) hold, then the estimation error satis-
fies (27). Then, we have

2
< ] + s (KT (0%)K (")) el

w
K(p")e p

Amax
< 0 + Ao (K7 (0K (%)) T2 e 2 [ e e

lTlln (Q)
s (K7 (00K (p))
— ol + ( > ) oD el (69)

On the other hand, the solvability of the convex optimization prob-
lem (47) means that the performance criterion(50) holds. It follows
that

anstwﬁymengm.““@“““WwwwwW”NKﬁﬂ?

:B)‘min (Q)

(70)
This ends the proof of Proposition 3.1. O

Remark 2. The proposed LMI-based design technique is easy to
implement numerically. Indeed, once the parameters of a given
model are known, it suffices to solve the proposed LMIs to get
the observer-based controller gains ensuring the #., criterion. To
solvepsuchpEMispwenusepsomepavailablesnumerical software tool-
boxes like Matlab LMI Toolbox by using YALMIP. As for the com-
putational aspect and the implementation complexity, there are

no obstacles for real-time applications because the observer-based
controller parameters are computed offline by solving the LMIs.

4. Application to an anaerobic digestion process
4.1. Mathematical model of the AD process

AD modelling has been widely investigated in the literature.
Often, the resulted model is driven by the application objectives,
waste nature and its composition, the available data and its relia-
bility. In this paper, being motivated by the control and observer
design for the AD processes, we will use the same model consid-
ered in [7] which is based on the AM2 model [3] with the inclu-
sion of one additional input representing the addition of stimu-
lating alkalinity as shown in Fig. 1. The resulted model structure
reads
X1 = —kypi1(x1)x2 + U1 Sqin — UKy
Xy = (1 (x1) — au)xy
X3 = ka1 (X1)X2 — K342 (X3)X4 + U1 Spin — UX3 (71)
Xg = (U2(X3) — u)xg
X5 = kaft1(X1)X2 + ks L2 (X3)Xa + U1Cyy — UXs — qc(X)

Xe = U1Zin + UpZyq — UXp

Y1 =qc(x)
72
y2 = [x1.x3,%6]" (72)
with
X _ b
pa) = () = ——— (73)
X1+ K, X3 + ks + i
k
c@:&+@—m,¢=ah+MH+Eﬁ£aE (74)
a
qc(X) = kpa[coz — KuPe(X)],  qn(x) = ks pi2(X3)X4 (75)
-/ $? — 4KyPrco
P(x) = - HPrcoy (76)

2Ky
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Table 1
Model parameters [3].

Acronyms  Definition Units Value

o Proportion of dilution rate for bacteria mmol/I 0.5

ky Yield for substrate (x;) degradation g/(g of x;) 421

ky Yield for VFA (x3) production mmol/(g of x;)  116.5

k3 Yield for VFA consumption mmol/(g of x4) 268

k4 Yield for co, production mmol/g 50.6

ks Yield for co, production mmol/g 343.6

ke Yield for chy production mmol/g 453

oy Maximum acidogenic bacteria (x,) growth rate 1/day 1.25

oy Maximum methanogenic bacteria (x4) growth rate  1/day 0.74

ks, Half saturation constant associated with x; g/l 71

ks> Half saturation constant associated with x3 mmol/I 9.28

ki Inhibition constant associated with x5 mmol/l 256

ky Acidity constant of bicarbonate mol/l 6.5 1077

Ky Henry’s constant mmol/(l.atm) 27

Pr Total preasure atm 1.013

ko Liquid/gas transfer constant 1/day 19.8
where x; (g/l) is the organic substrate concentration to be con- M 0 0 0 0 0 7]
sumed by the acidogenic bacteria x, (g/l) for growth and produc- cC = 0O 0 1 0 0 0 |,
tion of volatile fatty acids x3 (mmol/l) (assumed to behave like 0 0 0 0 0 1
pure acetate), x4 (g/l) is the methanogenic bacteria concentration, - -
Xs (mmol/l) represents the inorganic carbon concentration and xg (1 0 o 0 0 o]
(mmol/l) the alkalinity concentration. The related fed concentra- H = o1 0 o0 0 o |
tions to the digester Sii;, Syin» Cin and Z; are supposed to be - -
known and constant. The control inputs are u; = F‘% (1/day) and 0 0 1 0 0 0 |
uy = FZ% (1/day), where Fy;, is the waste feeding rate and Fy;, is H, = 0O 0 0 1 0 0 I
the input flow rate of the added alkalinity (Z,4) to the digester. - -
Since the later volume (v) is constant, then the output flow rate 0 0 1 0 0 0
u=u;+u, (see Fig. 1). The produced biogas is assumed to be 00 01 0 0
composed of methane gm(x) and co, (qc(x)) gaseous. The later par- Hy = 00 0 0 1 0
tial pressure is computed by P.(x). The rest of the used parameters 00 0 0 0 1
in the model are defined in Table 1. -~

4.2. Correspondance between (4) and (71)-(72)

The AD model (71) and (72) can be easily written under the
form (4) using the following parameters

s=1, n=6, m=2, n=2, ny=2, n3=4,

p=1u, Ao=0nm A;=-block-diag(l,a,1,c,1,1),

—k] 1 kz 0 k4 0 T
G = 0 0 —k3 1 ks 0 s
0 0 0 0 -1 O
T
yx) = [M (x1)x2,  2(X3)Xs, Qc(X)] .
T
B - [Sin O Sun O Gn Zin
0 0 0 0 Za |

4.3. Simulation results

In this section, we present a numerical example where we ap-
ply the proposed observer based tracking control to the AD pro-
cess. The purpose is to track an admissible reference reflecting an
enhanced quality of biogas. Moreover, to be as close as possible to
real life experiments, we apply an additive zero-centered Gaussian
noise to the performed measurements.

To run the simulation, we use the parameter values given in
Table 1, and we take S;;;, = 16 g/l, Sy;;; = 170 mmol/l, G, = 76.15
mmol/l, Z;, =200 mmol/l, Z,; = 700 mmol/l. Also, we initialize
the system and the observer at x(0) =[1.8,0.4, 12,0.7, 53.48, 55]"
and £, =[1.8,0.6,12,0.3,45,55]7, respectively. Regarding the
desired reference, it corresponds to the steady state x; =
[1.95,0.60,5.4,1.38,242.8,240.34]7 and the admissible reference
input uy = [0.4966, 0.0436]7 (we note that the pair (x4, ug) satis-
fies the equations 4). Besides, to solve the LMI conditions given by
Theorem 3.2, we choose ppi, = 0.1 (1/day) and pmax = 0.8 (1/day).

After solving the LMI conditions (25) and the optimization
problem (47), which have been found feasible for 8 = 0.06, and by
using the LMI Toolbox of Matlab and the solver SeDuMi, we have
obtained the results depicted in Figs. 2-10. In the first 8 figures,
the blue curve refers to the system state and the produced biogas
quality without applying control. The red curve represents the
desired reference, the green curve refers to the trajectory when
applying control, and the black curve represents estimate of the
controlled state. As it can be seen from these figures, despite the
large initial estimation error and the corrupted measurements, the
observer converges to the simulated system.

Moreover, we can see clearly from the results that despite the
attached noise to measurements, the closed loop system tracks the
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desired trajectory. Indeed, we can see from Fig. 8 that the biogas
quality is enhanced by almost 10% when applying the designed
control. This is a promising result from energy point of view of
the process.

Last but not least, we want to emphasise that the controller
behaviour, see Figs. 9 and 10, remains in an acceptable range of
values. Indeed, in practice, for the well functioning of the digester
and from the physical meaning of the state variables, variation of
the control inputs is limited to avoid bacteria washout. This is, ac-
tually, what is obtained with the proposed observed based control
strategy.

Remark 3. In a general situation, the upper and lower bounds of
the parameter p! are given by calculating the minimum and maxi-
mum values of the parameter. It is well know that given a bounded
function, it is always possible to calculate the minimum and max-
imum values of such a function. These values are fixed (and con-
stant)randrdependronsthesparametermOnuthevother hand, in the
case of the considered anaerobic digestion model, the parameter
p" depends on the input vector. Then, the values p.,i, and Pmax

are computed numerically by using the minimum and maximum
values of the state vectors generated by the model. They can also
depend on the saturated value of the control input if the saturation
issue is considered. Consequently, the solutions of the LMIs depend
on the saturated value. The LMIs may be feasible for a value and
unfeasible for larger values (from the convexity principle). How-
ever, the technical analysis of this issue is one of the future work
we aim to consider in a thorough way, from analytical and numer-
ical points of view. We also aim to consider model uncertainties
and noises with extended comparisons with other techniques from
the literature.

Remark 4. Note that including a comparison of the results with
another technique from the literature would be interesting and im-
prove the paper. However, detailed comparisons are part of our
future work. We aim to consider model uncertainties and pro-
cess and measurement noises. On the other hand, some advantages
of the proposed method compared to the MPC are obvious. MPC
can work on thousands of different processes, especially for bio-
gas. For instance, in [15], the authors proposed a model predictive
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control for demand-driven biogas production, which works suc-
cessfully. Their method may perform quite as well as the proposed
LMI-based method. Nevertheless, they incur higher computational
effort, because the MPC requires online computations, and there
are some other drawbacks when compared to the proposed LMI-
based method:

« Although MPC works on several processes, it has some draw-
backs related to the stability when we face general nonlinear
systems. On the other hand, the proposed LMI-based techniques
overcome some MPC drawbacks, and guarantee global conver-
gence for nonlinear systems.

The computational complexity of MPC for real-time applica-
tions is very high compared to the proposed methodology
where the LMIs are solved offline.

Finding the MPC parameters ensuring local convergence is not
alwaysreasysForreachrmodel;ywerneedstorproceed with different
MPC parameters that may be difficult to find for some com-
plex models. On the other hand, with our LMI design method,

it is sufficient to write the model under the considered struc-
ture and compute the bounds of the partial derivatives of the
nonlinearities to solve the LMIs.

Remark 5. It should be noticed that the proposed method does
not solve all the AD process issues. Motivated by the selected
AD model, the aim of the paper is to consider the problem of
observer-based trajectory tracking for a class of nonlinear systems
using an LMI framework. Hence, new LMI conditions are proposed,
and the result is applied to an AD process. Indeed, the paper
does not consider robustness and disturbance rejections and star-
tups/shutdowns, which are important issues in real-life applica-
tions. The theoretical analysis of these issues is one of the future
work we aim to consider in a deepen way, from analytical and
numerical points of view, with extended comparisons with other
techniques from the literature.
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5. Conclusion

An observer-based reference tracking control for the AD process
has been proposed in this paper. The control scheme is composed
of an exponential nonlinear state observer and a feedback control.
Actually, the state observer has been included in the control de-
sign to remedy the lack of some key measurements. Regarding the
control law, feedback control has been used because it takes into
account all dynamics of the process model.

In order to deal with the stability of the closed loop system,
we have presented a kind of separation results. Indeed, relying on
the triangular form of the system composed of dynamics of the
estimation and tracking errors, we could establish the stability of
each separately. Using an adequate reformulation of the Young's
inequality and the Lipschitz property, we have provided the stabil-
ity conditions in the form of enhanced end easily tractable LMIs.
Firstly, to ensure the exponential stability of the estimation er-
ror. Then, to guarantee the H,, asymptotic stability of the tracking
error.

We want to highlight that in order to extend the use of our
technique and make it applicable for other systems belonging to
the same class of systems as the AD process, we have presented

the results in a general way. Furthermore, we have provided nu-
merical simulations to illustrate the effectiveness of the proposed
approach. In view of the simulation results, we target in the near
future to extend the design methodology for saturation constraints
on the control inputs. Moreover, as prospects, we will consider the
disturbance rejections, startups/shutdowns, and parametric uncer-
tainties, which are important issues in real-life applications. Ex-
tended comparisons to other available techniques in the litera-
ture would also increase the significance of the proposed design
methodology.
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